A theoretical interpretation is presented for anomalous enhancements of nuclear reaction rates for deuteron-deuteron, deuteron-lithium, and proton-lithium reactions that were recently observed at low energies from deuteron and proton beam experiments. Using a generalized momentum-distribution function derived by Galitskii and Yakimets, which has high-energy momentum distribution tail of the inverse eighth power of the momentum, we obtain an approximate semi-analytical formula for nuclear reaction rates. Comparison of our theoretical estimates with recent experimental data indicates that the theory may provide a reasonable and consistent theoretical explanation of the experimental data. Based on predictions of our theoretical formula, we suggest a set of experiments for testing some of the theoretical predictions.
Introduction
In 1988, an anomalous enhancement of the low-energy fusion cross-section was observed by Engstler et al. for the reaction 3 He(d,p) 4 He, 1) and then in 1995 by Greipe et al. for (D+D) fusion.
2) Experimental probes of low-energy nuclear reactions in metals with deuteron beams were first suggested in 1995 by Kasagi et al. 3) Anomalously large values of electron screening energies, U e , were observed by Yuki et al. 4, 5) with ytterbium (Yb) target 4) in 1997, and with palladium (Pd) and palladium oxide (PdO) targets 5) in 1998. Since then, there have been many experimental observations of anomalous values of U e with other metal targets, [6] [7] [8] [9] [10] [11] [12] [13] [14] which have much larger values than atomic electron screening potential energies, U A . 15, 16) Many physical models have been considered to explain these anomalies without success (see ref. 8 
for a list).
Recently an electron plasma model of Debye-Hückel in metals was proposed as a possible explanation of the large effects in metals by Raiola et al. 11, 13, 17) They have applied this classical plasma electron screening model of Debye to quasi-free metallic electrons, and claimed some successes in co-relating the observed values of U e including its temperature dependence. However, this agreement may turn out to be fortuitous, since the condition eðrÞ < kT is not satisfied for their case. The potential ðrÞ ¼ Ze expðÀr=R D Þ=r with R D ¼ ½kT=4n 0 e 2 1=2 , valid only for e < kT, is a solution of the Poisson equation for a test charge Ze placed at the origin in a distribution of electrons (charge density, Àen 0 ) with its uniform background of positive ions. 18) For their case of eðR D Þ > kT, the corresponding Poisson equation for ðrÞ is a non-linear equation for which we do not know its solution at present. Furthermore, the classical plasma theory of Debye is valid only if there are enough particles (electrons) in the cloud, N D ) 1, where N D ¼ ð4=3Þn 0 R D 3 . For the above case, N D % 3 Â 10 À5 , and hence the Debye theory may not be applicable for this case as pointed out by Coraddu et al. 19) More recently Coraddu et al. [19] [20] [21] used a modified momentum distribution introduced by Galitskii and Yakimets, 22) in an attempt to explain the anomalies. As shown by Galitskii and Yakimets (GY) 22 ) the quantum energy indeterminacy due to interactions between particles in a plasma leads to a generalized momentum distribution which has a high-energy momentum distribution tail diminishing as an inverse eighth power of the momentum, instead of the conventional Maxwell-Boltzmann distribution tail which decays exponentially. GY's generalized momentum distribution has been used by Coraddu et al. [19] [20] [21] for deuterons in a metal target in an analysis of anomalous cross-sections for D(d,p) 3 H observed from the low-energy deuteron beam experiments. 8, 9, 11) Their calculated results for the fusion rates between the beam deuteron and quasi-free mobile deuteron in a metal target are too small to explain the observed experimental anomalies. 6, 7, 9) Most recently, however, we have investigated and found that the effect of the GY distribution on nuclear fusion rates in plasma is significantly large for (D+D) reactions, and also for (D+Li) and (p+Li) reactions. 23) In ref. 23 , this type of nuclear fusion process due to the quantum correction of the conventional momentum distribution function was named as ''quantum plasma nuclear fusion'' (QPNF).
In this paper, we investigate the effect of the QPNF for anomalous results observed in the beam experiments with metal targets. The calculated results for deuteron-deuteron (D+D) fusion rates are compared with the experimental results. 8, 9, 11) In addition, we investigate other nuclear fusion rates for (D+Li) 10) and (p+Li) 14) reactions in metal targets at low energies.
Physical Model for Low-Energy Deuteron (Proton) Beam Experiments with Metal Targets
Recent results of cross-section measurements from deuteron beam experiments with metal targets by Kasagi et al. 7, 10) and Raiola et al. 8, 9, 11) indicate that anomalous enhancement of nuclear reaction cross-sections at low energies occurs mostly with metal targets.
Recently, Raiola et al. 11) have investigated the electron screening effect in the D(d,p)
3 H reaction with a low energy (center-of-mass energies between $ 2 and $ 15 keV) deuteron beam on deuterated targets (32 metals, 4 insulators, 3 semiconductors, 6 groups 3, 4 elements, and 13 lanthanides). They have found that nearly all deuterated metals yield large extracted values of the screening energy U e ranging from U e ¼ 180 AE 40 eV (Be) to U e ¼ 800 AE 90 eV (Pd), while all deuterated non-metal targets yield smaller values of U e 80 eV.
Reaction zone
For a metal target, we define a reaction zone where nuclear reactions take place. For the incoming particle beam (proton or deuteron) with the beam diameter D b , the volume of the reaction zone is defined as
and ÁxðE i Þ is the range of the beam particles with the laboratory energy E i . The beam diameters and beam currents, (D b , I B ), used for the experiments are ($15 mm, $60 mA), ($4 mm, $100 mA), and ($10 mm, .20 mA), respectively for D+D, 8) D+Li, 10) and p+Li 14) reactions. ÁxðE i Þ is given by 16 )
where (dE=dx) is the stopping power. 24) For a proton laboratory kinetic energy of 1 E . 10 keV, it is given by
where n t is the number density of the target atom in units of cm À3 , and the coefficient A 1 is given in ref. 24 . For a proton kinetic energy of 10 keV E 1 MeV, we have
where
The coefficients A i ði ¼ 2 { 5Þ are given in ref. 24 . For a deuteron laboratory kinetic energy E, dE=dx is obtained by replacing E by E=2 in eqs. (2), (3), (3a), and (3b).
Mobility of hydrogen and deuterium in metals
Hydrogen (or deuterium) molecules in Palladium are known to be dissociated into atoms and ionized to bare nuclei. 25) This may be occurring for other metals. The mobility of protons and deuterons in Pd and other metals has been experimentally demonstrated, in particular under applied currents. 26, 27) However, other heavier nuclei (Li, B, etc.) are most likely to have much less mobility and most of them may be stationary in metal/alloy lattices.
More recent kinematic measurements for the D(d,p)T reaction in metal targets with the deuteron beam with deuteron energies $10 { 20 keV indicate that deuterons in the metal target are mobile. 28) The extracted values of deuteron effective kinetic energies 50, 150, and 300 eV 28) in the metal targets Au, Pd, and PdO, respectively, cannot be explained by the conventional Maxwell-Boltzmann distribution of deuterons at the near ambient temperatures. For our physical model, it is assumed as in refs. 23 and 29 that, although most of the deuterons (or protons) in a metal target are in localized states, a very small fraction of them is in a quasi-free mobile plasma state 30) within the reaction zone volume and attains a generalized momentum distribution of the GY type during the steady state achieved with incoming deuteron (or proton) beam.
2.3 Quantum corrections to particle-momentum distributions The distribution functions f(p) at large momentum p for dilute gases at T ¼ 0 are given by f ð pÞ ¼ ðh " a 2 =2Þ=p
4 for spin 1/2; fermions 31, 32) and f ð pÞ ¼ h " ð2a 2 = 2 Þ=p 4 for bosons, 33, 34) where a is the scattering length and is the number density. We note that the total cross-section for the hard-core interaction is ¼ 2a 2 . For charged particles at finite temperatures, the generalized distribution function for energy E and momentum p is derived by GY 22) is given as
where nðEÞ is the occupation number. ðE; " p Þ is the spectral function given by
where ðE; pÞ is the width of the momentum-energy dispersion, ÁðE; pÞ is the energy shift and " p is the center of mass kinetic energy, " p ¼ p 2 =2. From eq. (4) we obtain the momentum distribution
For exact function ðE; pÞ and ÁðE; pÞ, N A ¼ 1, but in the case of approximate and Á, N A may depend on the temperature. If we assume that 20) ðE; " p Þ % h " c c ffiffiffiffiffiffi 2E
where c ¼ ðZ
, c is the number density, is the reduced mass, and Z e i e is an effective charge which may depend on " p , then we obtain for a high momentum region
This is to be compared with the other conventional cases, f ð pÞ / e À" p =kT for Maxwell-Boltzmann (MB), Fermi-Dirac (FD), and Bose-Einstein (BE) distributions. GY theory predicts that N A is not significantly different from unity.
Reaction processes occurring in reaction zone
During the steady state achieved with an incoming deuteron (or proton) beam, we consider four possible types of reaction processes:
(1) the incident beam deuteron (or proton) reacts with the stationary deuteron (or Li) in the target, i.e., between beam particle and target particle (bt); (2) the incident beam deuteron (or proton) reacts with deuteron (or proton) in the plasma state, i.e., between beam particle and particle in the plasma (bp); (3) deuterons (or protons) in the plasma state react with each other, i.e., between plasma particles (pp); and (4) deuteron (or proton) in the plasma state react with stationary deuteron (or Li) in the target, i.e., between plasma particle and target particle (pt).
Reaction Rate Formulae Based on Quantum Plasma Nuclear Fusion
We now proceed to calculate the plasma fusion rate R Q using the generalized distribution function f ðpÞ with the tail given by eqs. (6) and (8). R Q is a new quantum correction to the conventional nuclear fusion rate in a plasma. We now derive an approximate analytical formula for QPNF in order to obtain an order-of-magnitude estimate for the nuclear fusion rate.
Fusion reaction rates
The total nuclear fusion rate, R ij , per unit volume (cm À3 ) and per unit time (s À1 ) between a pair of nuclei, i and j is given by
, and R pt ij are nuclear reaction rates between a beam particle and a target particle (bt), a beam particle and a plasma particle (bp), a plasma particle and a plasma particle (pp), and a plasma particle and a target particle (pt), respectively. R bt ij is given by 16 )
where È i is the incident beam particle flux (# per cm 2 ), t is the stationary target particle density, E 0 is the incident kinetic energy in the laboratory system, jdE i =dxj is the stopping power 24) with the laboratory kinetic energy E i , and ij ðEÞ is the cross-section for reaction between particles i and j with the relative kinetic energy E in the center of mass (CM) system. ij ðEÞ is conventionally parameterized as
where E G is the Gamow energy,
with the reduced mass , and SðEÞ is the astrophysical S-factor. To accommodate the effect of electron screening for the target nuclei, ij ðEÞ is modified to include the electron screening energy, U e , and parameterized as
The other terms in eq. (9) 19) indicates that R bp ij is negligible.
Dominant contribution from quantum plasma nuclear fusion
where V int ðE 0 Þ is given by eq. (1), R C ij is the conventional fusion rate calculated with the MB distribution, and R Q ij is the QPNF contribution which can be calculated using eqs. (4) and (7). It is given by
, i is the number density of nuclei, and S ij ð0Þ is the S-factor at zero energy for a fusion reaction between i and j nuclei. Equation (14) is obtained by assuming S ij ðEÞ % S ij ð0Þ. In general, both N A and i may depend on the temperature. For the remainder of this paper, we will set N A ¼ 1. Although the formula, eq. (14), is derived originally for identical particles (one-specie plasma case), it is assumed that the same formula can be generalized and applied to some twospecies cases.
Because of the quasi-free deuteron mobility in metals, (D+D) fusion rates in metals were investigated using the MB velocity distribution for deuterons with a hope that the high-energy tail of the MB distribution may increase the (D+D) fusion rates in metals. 39) However, the calculated results for the (D+D) fusion rates with the MB distribution were found to be extremely small at ambient temperatures.
35)
R Q ij given by eq. (14) covers three different cases: (a) Nuclei i and j are the same specie and mobile in a plasma with a generalized velocity distribution (for example, i and j are both deuterons yielding the (D+D) fusion reaction rate). (b) Nuclei i and j are two different species and both mobile in a mixed two-species plasma with velocity distributions (for example, i is for protons and j is for deuterons yielding the (p+D) fusion reaction). (c) Nucleus i is mobile and they form a single-specie plasma with a velocity distribution, but nucleus j is stationary and imbedded in a metal/alloy matrix. Nuclei i and j are the same specie (for example, i and j are both protons or both deuterons) or nuclei i and j are two different species yielding (D+Li), (p+Li) or (p+B) fusion reactions.
3.3 Parameterization of experimental data for low-energy reaction rates For comparison of our theoretical estimates with experimental data, we use the parameterization of the experimental data for anomalous enhancement based on the following equation,
where ij ðE; U exp e Þ is given by eq. (12) with U e replaced by experimentally extracted value of U exp e obtained by fitting the experimental data. When U exp e turns out to be much larger than the adiabatic value U A , 36) it cannot be theoret-ically justified. However, eq. (15) with a large value of U exp e is still useful as a convenient parameterization of the experimental data. R ext ij given by eq. (15) will be compared with theoretical estimates of the reaction rates based on R ij given by eq. (9).
Applications to Experimental Results of Low-Energy Nuclear Reactions
For our theoretical estimates for R ij , we approximate it using eq. (13), as
where R bt ij is given by eq. (10) and R Q ij is given by eq. (14) . Comparisons will be made with the experimental data from the (D+D), (p+Li), and (D+Li) reactions.
For comparison between the experimental data and theoretical estimates, we introduce the enhancement factor FðEÞ defined as
and
where V int ðEÞ, R (10), (14) , and (15), respectively. U A is the adiabatic value for the screening energy, U A % 25 eV for deuteron target. 36) For the density of quasi-free mobile deuterons (or protons) in the reaction zone, i in eq. (14), we define a fractional number f ðE b Þ as
where tm is the density of target metal atoms, and E b is the incident beam deuteron (or proton) laboratory kinetic energy. reactions are expected to be similar to the 6 Li(d,) 4 He and 6 Li(p,) 3 He cases, respectively because of the isotopic independence of our theoretical formulation.
For the bare SðEÞ-factor, we have adopted the following expression,
Values of the parameters Sð0Þ, S 1 , and S 2 in eq. (20) are shown in Table I .
D+D reactions
For the (D+D) reaction, we choose the deuteron beam experiment with TaD x (x % 0:127 corresponding to Ta 7:9 D Fig. 1 at E ¼ 4; 7, and 10 keV, corresponding to f ðEÞ ¼ 4:6 Â 10 À7 , 3:1 Â 10 À6 , and 8:1 Â 10 À6 , respectively, as given in Table II . These extracted values of f ðEÞ for i ¼ f ðEÞ tm [eq. (19) ] satisfy the relation f ð4 keVÞ < f ð7 keVÞ < f ð10 keVÞ or i ð4 keVÞ < i ð7 keVÞ < i ð10 keVÞ. This is physically consistent with expectations that the density of quasi-free mobile deuterons increases at higher temperatures (see p. 310 of ref. 27) in the target metal reaction zone, resulting from larger input power of higher energy deuteron beam incident on the reaction zone.
D+Li reactions
For the (D+Li) reactions, we carry out our theoretical analysis of the experimental data obtained by Kasagi et al. (19) ] satisfy the relation f ð30 keVÞ < f ð40 keVÞ < f ð60 keVÞ or i ð30 keVÞ < i ð40 keVÞ < i ð60 keVÞ. This is physically consistent with expectations that the density of quasi-free mobile deuterons increases at higher temperatures (see p. 310 of ref. 27) in the target metal reaction zone, resulting from larger input power of higher energy deuteron beam incident on the reaction zone.
p+Li reactions
For the (p+Li) reactions, we investigate the experimental data for 6 Li(p,) (14) we assume c ¼ i . The extracted values of f ðE b Þ are shown in Table IV. As shown  in Table IV , f ðE b Þ or i increases as E b increases, which may be physically reasonable. Intersections of F exp ðEÞ ¼ Table I . Parameters for the bare S-factor used in this paper.
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This is physically consistent with expectations that the density of quasi-free mobile deuterons increases at higher temperatures (see p. 310 of ref. 27) in the target metal reaction zone, resulting from larger input power of higher energy deuteron beam incident on the reaction zone.
Discussion and Suggested Experimental Tests
Based on the theoretical formula for the QPNF rates given by eq. (14), we suggest several experimental tests. We note that R Q ij , eq. (14), depends on a product of three densities c i j where i is the density of quasi-free mobile deuteron i (or proton) in the reaction zone, j is the density of stationary deuteron j (or Li) in the reaction-zone, and c is the density of charge scattering centers encountered by a quasi-free mobile deuteron i. If i , j , or c can be increased in the low-energy beam experiments, we expect that the observed reaction rates will increase. We note that the c i j dependence for the QPNF rate is a new feature and differs from the i j dependence for the conventional plasma nuclear fusion rate.
c can be either c % i or c % i þ k , where k can be the density of target nuclei ð j Þ, metal nuclei ð tm Þ (such as Pd), or other impurity nuclei ð im Þ (such as O in PdO target), or any combination of these three ( j , tm , and im ) in the reaction zone of the metal target. There is an indication of this prediction on c from recent deuteron beam experiments. Kasagi et al. 7) find that a PdO target produces a larger enhanced rate for the reaction D(d,p)T compared with Pd target, and Cruz et al. 14) find that a PdLi target produces larger enhanced rates for the reactions 7 Li(p,) 4 He and 6 Li(p,) 3 He, compared with a Li target. We suggest additional experimental tests of this type to be done in order to confirm this theoretical prediction.
Another interesting prediction from eq. (14) is that the reaction rate can be increased by increasing the density i of quasi-free mobile deuteron (or proton). For experimental tests of this prediction, we suggest two experimental tests during deuteron (or proton) beam experiments: (1) application of electric current (AC or DC with appropriate frequencies) to the target metal and (2) application of laser beam with appropriate frequencies on the reaction zone on the surface of the metal target. (1), (14), (10) , and (16), respectively. 
and R ij at different values of the beam deuteron laboratory kinetic energy E b for the D(d,t)T reaction calculated from eqs. (19) , (1b)-(3b), (1) , (14), (10) , and (16) respectively. The suggested experiment (1) is based on experimental evidences 25, 26, [38] [39] [40] [41] that the applied electric field in a metal causes protons (deuterons) in metal to become mobile, thus leading to a higher density for the quasi-free mobile protons (deuterons) in the reaction zone during proton (deuteron) beam experiments.
For the suggested experiment (2), it is anticipated that the incident laser will raise the temperature of the reaction zone and also increase the density of the quasi-free mobile protons (deuterons) in the reaction zone during proton (deuteron) beam experiments. We note that proton (deuterons) mobility takes various, temperature dependent forms, as illustrated in Fig. 6 .2 of ref. 27 . The mobility extends to ''fluidlike'' motion at temperatures comparable to the interstitial site or self-trapping, $0:15 eV binding energy. As stated in ref. 27 , page 310, ''In the highest-temperature region, H atoms no longer remain within the potential wells of interstitial sites but undergo free motion like the motion of atoms in gases.'' Therefore it is expected that this mobile fluid forms a heavy charged particle plasma 30) within the metal.
Since the reaction zone has a thin disk volume on the metal target surface, it is expected that the effect of the applied laser beam would be more effective in increasing reaction rates if it is incident nearly tangentially on the reaction-zone disk surface rather than incident nearly perpendicular to the reaction-zone disk surface. This prediction could be tested experimentally.
The target temperature dependence of the predicted reaction rates is to be investigated further in the future since N A and i are expected to be temperature dependent. In eq. (14) , i is expected to increase at higher temperatures (below the melting point), but may also decrease at higher temperatures since the deuteron (or proton) loading in the metal is expected to decrease. [25] [26] [27] Furthermore, the temperature in the reaction zone may not be the same as the target temperature.
Conclusions
We have investigated the effect of quantum corrections to the momentum distribution tail on the nuclear fusion reaction rates at low energies. Using the generalized momentum distribution function obtained Galitskii and Yakimets, 22) we have derived an approximate semi-analytical formula for nuclear fusion reaction rates. The approximate formula for this quantum plasma nuclear fusion 10) The dotted, dashed and dot-dashed lines represent our theoretical calculations of F theo ðEÞ using eq. (18) 14) The dotted, dashed and dot-dashed lines represent our theoretical calculations of F theo ðEÞ using eq. (18) (QPNF) rate is applied to theoretical analysis of anomalous enhancement of low-energy nuclear reaction rates observed from deuteron and proton beam experiments with metal targets. Comparison of our theoretical estimates with recent experimental data indicates that the theory may provide a reasonable and consistent theoretical explanation of the experimental data. Based on our semi-analytical formula for the QPNF rates, we suggest a set of experiments for testing some of the predictions of our theoretical formula for the nuclear reaction rates.
